There are several approaches to the fractional differential operator. Generalized q-fractional difference operator was defined in the aid of q−iterated Cauchy integral and q-calculus techniques. We introduce Caputo type derivative related to this operator and some properties of this operator as boundness are investigated. Moreover, related q−difference equation is discussed and in the aid of concavity of operator, existence and uniqueness are studied.
Introduction
Since 1695, that a letter related to fractional derivative was written, fractional calculus has created. There are several types of fractional integral and derivative operators that arise from different aspects. Recent applications of fractional differential equations in explaining natural phenomena, motivate more and more scientifics to work in this area. One approach to fractional integral operator is using Cauchy integral. Authors in [9] used q-calculus techniques to develop q-fractional difference equations. In this paper, we state some definitions and concepts of q-calculus. Then we discuss about the concave operator on Banach space and theorem of fixed point based on these conditions is written. Some properties of q-fractional derivative and integral operators are discussed next, boundness and condition on operators in case α ∈ (0, 1) are explained. General case can be reached easily by using induction and similar results hold. In the first section, let us introduce some familiar concepts of q-calculus. Most of these definitions and concepts are available in [2] and [4] . We use [n] q as a q−analogue of any complex number. Naturally, we can define [n] q ! as
The q-shifted factorial and q-polynomial coefficient are defined by
Let for some 0 ≤ α < 1, the function |f (x)x α | is bounded on the interval (0, A], then Jakson integral defines as [2] 
converges to a function F (x) on (0, A] , which is a q−antiderivative of f (x). Suppose 0 < a < b, the definite q−integral is defined as
denotes the space of all continues functions with continuous q-derivatives up to order n − 1 on the interval [a, b] . Associated norm function of C n q [a, b] is defined by [5] 
Generalize q-exponent expression is defined [9] (x − y)
where the normal definition can be expressed as [8] [7]
q-derivative of this expression respect to x and y can be written respectively as
We can express the q-Gamma function by using this definition as [3] Γ q (t) = (1 − q)
The useful lemma was proved in [9] , which express following integral for α and λ > −1
There are several approaches to fractional differential operators. One of demonstration methods of fractional differential equation is using the itterated Cauchy integrals. In [9] , authors calculated
In the aid of this calculation, generalized q-fractional difference integral operator is defined by [9] 
Related inverse operator which is q-fractional difference operator is defined for α ≥ 0 and n = ⌊α⌋ + 1 and
→ R be a q-integrable function, and α ∈ (0, 1) and p > 0 two fixed reals. The Caputo type q− fractional derivatives of order α are defined by
Observe that, when f (a) = 0,Caputo and the q− fractional derivatives coincide. Moreover, there exists a relation between these two types of q−fractional derivatives. Namely, if both types of q−fractional derivative exist, then in the aid of (3) and (4) we can see
In the next proposition we make the form of Aputo derivative easier:
Proposition 2 Assume that all q-Jackson integral in following identification are convergent, then
Proof. Use definition (1) and identification (4) and q-integral by part to reach
Here, we used the property that is inspired by definition of Caputo type derivative. Now apply (3) to reach the relation.
Corollary 3
The direct consequence of this proposition is the following identity
Which shows the invers property of Caputo unification q-fractional difference operator.
Concave operator and Fixed point Theorem
In this section, we introduce some concepts of Banach space and operator defined on this space. Actually,a cone is defined in this space to make a partial order for defined functions and in the aid of this definition fixed point theorem is investigated. [11] Let us start by defining Normal cone and concavity of operator Definition 4 Let (E, . ) be a real Banach space, then nonempty closed convex set P ⊂ E is called a Cone, if the following conditions hold true: 1. For x ∈ P and r ≥ 0 as scalar, rx ∈ P. 2. If x ∈ P and −x ∈ P then x should be zero element of (E, . ) which we denote it by θ.
Generalized concave operator is an operator which satisfy A 2 in following properties [12] A 1 ) T : P → P is increasing in P.
A 2 ) For x ∈ P and t ∈ (0, 1),there exist ϕ(t) ∈ (t, 1] with respect to t such that T (tx) ≥ ϕ(t)T (x). These conditions warranty the fixed point value for given operator. We recal this proposition as follow
Proposition 5
Assume that the Cone P is normal, operator T : P → P is satisfied A 1 and A 2 . Moreover, x 0 ∈ P implies that T (h) + x 0 ∈ P h , then operator equation x = T (x) + x 0 has a unique solution in P h . In addition, there exist u o , v o ∈ P h such that fixed point x * ∈ [u o , v o ] and for any starting point x 0 ∈ P , constructing successively the sequence x n+1 = T (x n ) tends to the fixed point when n → ∞.
In this stage, we consider 3 conditions that verify concavity of given q-difference operator to reach fixed point theorem. For instance, assume following conditions: C 1 ) Assume that f (t, u(t)) be two variables continuous function from [a, b] × R to real line. In addition, assume that f (t, u(t)) be increasing function respect to the second variable, means
C 2 ) Let 0 < λ < 1 be a constant and 0 < y, then there exist ϕ(λ) > λsuch that
Last condition is positivity of f (t, 0), means f (t, 0) > 0, specifically f (t, 0) = 0 for all possible a ≤ t ≤ b.
In [11] , fixed point theorem based on these conditions were investigated and authors in [10] used this properties to discusse about positive solutions of nonlinear operator equations. In fact, there are several fixed point theorems with different conditions that leads to existance and uniqueness of q-difference equation. These conditions prepare the situations to approach uniqueness of solution as well. Moreover, succesive approximation itteration can be studied in terms of these conditions.
Some Properties of Integral and Derivative Operator
In this section, some properties of Caputo-type derivative and integral operator are studied. These propeties lead to solving related q-fractional difference equation. First, we should state the boundness of q−fractional integral operator.
Proposition 6
, simple calculation in the aid of (3) shows that
linearlity is obcious.
Remark 7
In the aid of Corollary (1), we can demonstrate Caputo-type derivative by integral operator, so we can see that for
We can see that
|<∞ and operator is bounded.
Let us consider the inverse operator of integral operator, that we introduced it before. In the next proposition, we show that how the Caputo type derivative can be operate on integral operator. Semi-group property of integral operator is investigated [9] . Proposition 8 Let 0 < a < b < ∞ and f ∈ C 2 q [a, b] also assume that α ∈ (0, 1) and p > 0 be two fixed reals such that derivative and integral operator are defined, then following identities are true:
Proof. proof of the first part is based on interchanging of integral and applying the definitions. This is proved at [9] for derivative opertaor and the procedure is similar for this operator. We prove the second identity by using corollary (3) and semi group property of integral operator, so
4 Cauchy problem of general q-fractional operator
In this section, Cauchy problem related to introduced Caputo type derivative is investigated. We construct solution of this difference equation in the aid of discussed properties in last section. Moreover we apply a fixed point theorem based on property of operator to guarantee existance and uniqueness of this difference equation. We start by direct solution of q-difference equation in following lemma:
Lemma 9 let 0 < ζ < 1 and α ∈ (0, 1), if f (t) is a continuous function on (0, 1) and u ∈ C 2 q [a, b], then solution of the following boundary value problem
can be written as
Proof. Apply integral operator in both sides of (18) and use (8) and (17) to reach the solution.
Following theorem shows the conditions on the operator to verify existance and uniqueness for given q-difference equation. Moreover, sucessive approximation is introduced and let us to consider numerical solution of this equation. Main theorem of this article determines solution and nature of this approximation. Conditions on function f (w, v(w)) in C 1 − C 3 show that T is increasing operator. Conditions of fixed point theorem for T can be easily found and successive approximation resulted from the nature of constructing theorem.
